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Abstract 

We establish an averaging principle for a family of solutions (V^, Y’^) := (V^’ V®) of 

a system of SDE-BSDE with a null recurrent fast component In contrast to the classical 

periodic case, we can not rely on an invariant probability and the slow forward component 
cannot be approximated by a diffusion process. On the other hand, we assume that the 
coefficients admit a limit in a Cesaro sense. In such a case, the limit coefficients may have 
discontinuity. We show that we can approximate the triplet Y^) by a system of 

SDE-BSDE Y) where X := (V^, V^) is a Markov diffusion which is the unique (in law) 

weak solution of the averaged forward component and Y is the unique solution to the averaged 
backward component. This is done with a backward component whose generator depends on the 
variable z. As application, we establish an homogenization result for semilinear PDEs when the 
coefficients can be neither periodic nor ergodic. We show that the averaged BDSE is related to 
the averaged PDE via a probabilistic representation of the (unique) Sobolev ioc(®-i- ^ 1^'’*)^ 

solution of the limit PDEs. Our approach combines PDE methods and probabilistic arguments 
which are based on stability property and weak convergence of BSDEs in the S-topology. 

Keys words: SDE, BSDEs and PDES with discontinuous coefficients, weak convergence of SDEs 
and BSDEs, homogenization, S-topology, Averaging in Cesaro sence, Sobolev Spaces, Sobolev solu¬ 
tion to semilinear PDEs. 

MSC 2000 subject classifications, 60H20, 60H30, 35J60, 60J35. 

1 Introduction 

The averaging of stochastic differential equations (SDE) as well as the homogenization of a partial 
differential equation (PDE) is a process which consists in showing the convergence of the solntion 
of an eqnation with rapidly varying coefficients towards an eqnation with simpler (e.g. constant) 
coefficients. 

The two classical situations which were mainly stndied are the cases of deterministic periodic 
and random stationary coefficients. These two sitnations are based on the existence of an invariant 
probability measnre for some nnderlying process. The averaged coefficients are then determined as 
a certain "means" with respect to this invariant probability measnre. 
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There is a vast literature on the homogenization of PDEs with periodic coefficients, see for 
example the monographs lansiEi] and the references therein. There also exist numerous works 
on averaging of stochastic differential equations with periodic structures and its connection with 
homogenization of second order partial differential equations (PDEs). Closer to our concern here, 
we can quote in particular [3 [8l |9l [HI [181123 ESI EH El] and the references therein. 

In contrast to these two classical situations (deterministic periodic and random stationary coef¬ 
ficients) which were mainly studied, we consider in this paper a different situation, building upon 
earlier results of |23| and more recently those of EE]. We extend the results of |23) to systems of 
SDE-BSDEs and those of E E] to the case where the generator / of the BSDE component depends 
upon the second unknown of the BSDE. As a consequence, we derive an homogenization result for 
semilinear PDEs when the nonlinear part depends on the solution as well as on its gradient. 

In |23|, Khasminskii Sz Krylov consider the averaging of the following family of diffusions process 
indexed by e. 
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where is a one-dimensional null-recurrent fast component and is a d-dimensional slow 

component. The function ip = {pi, ...,ipk) [resp. d = {dij)ij, resp. b = {bi, ...,bd)] is M^-valued 
[resp. ^-valued, resp. valued]. W is a /c-dimensional standard Brownian motion. They 
define the averaged coefficients as limits in the Cesaro sense. With the additional assumption that 
the presumed limiting SDE has a weakly unique (in law) solution, they prove that the process 
(A^’^’^, Xs’^’^) converges in distribution towards a Markov diffusion (A^’^, A|’*). As a byproduct, 
they obtain an homogenization property for the linear PDE associated to (As’*’^, Xs’^’^) when the 
limit Cauchy problem, associated to the limit diffusion (A^’^, A^’^), is well posed in the Sobolev 
space VPpx M'^) for each p > d-\-2. Here, Wpx is the Sobolev space of all functions 
u{s, x) defined on 1R+ X such that both u and all the generalized derivatives DgU, D^u, and D‘^^u 
belong to x M'^). 

Later, the result of |23| was extended to systems of SDE-BSDE in EE]. Furthermore, in mm 
the uniqueness of the averaged SDE-BSDE as well as that of the averaged PDE were established 
under appropriate conditions, building upon the results from |25) . However, in mm the backward 
equation does not depend on the control variable. More precisely, the result of |23) was extended, 
in EEj to the following SDE-BSDE. 
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where is the martingale part of the process A^’*" := (A^’^’^, A^’^’*'). 

The system of SDE-BSDE (|1.2I) is connected to the semilinear PDE, 


dv 


,Xl 


(s, x) = {C^v^){t, x) + /(® 2 , V^t, x)), s>0 

u^(0, x) = H{x)] X = (x^,x^) e M X 


(1.3) 
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where, is the infinitesimal generator associated to the Markov process := X'^’^’^). 

In the present paper we consider the situation where the coefficient / depends upon x, y and 2 :. 
This more general situation will force us to develop a new methodology. That is, the SDE-BSDE 
in consideration is defined in [0, t] by. 
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where is the martingale part of the process X^’^ := X^’^’*'), i. 


M, 


If we put for i, j = 1, ..., d 


X- 


:= r X2’^’^)diy^, 0<s<t. 

Jo ^ 


«oo:-2 


1 

- 9 ^ 


2 = 1 


a := {a)ij, a := ( H , d := ^(dd*), a := ^(o-cr*) 


(note that o is a (d + 1) x (d +1) matrix, whose rows and columns are indexed from i = 1 to i = d, 

2 X ej 1 then the SDE-BSDE (|1.4p can be rewritten in 


while d is a d X d matrix), and X^’^ : = 
the form 
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Xf= X + 
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X2,x,£^ ^i,^X)dr - / Zl'^'^dM^^ 


In this case, the nonlinear part of the PDE associated to the SDE-BSDE (II.5p depends on both 
the solution and its gradient. More precisely, this PDE takes the form 


dv^ Xi 

-^{t, x) = (£^x^)(s, x) -F /(—, X 2 , x^(s, x), VxV%S, x)), 
^ x^(0, x) = id(x). 


( 1 . 6 ) 


where is the infinitesimal generator associated to the Markov process X^’^ := (X^’^’^, X^’*’^) 
which is more precisely defined by 


:= aoo(—, X 2 )-^— 
e o^xi 
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d and b are the coefficients which were defined above, / and H are real valued measurable 
functions respectively defined on x M x M'^+^ and ]R'^+^. 

We want to study the asymptotic behavior of the SDE-BSDE (11.51) when e ^ 0. Note that under 
suitable conditions upon the coefficients, the function {u^(t, x) := Yq , t > 0, x = (xi,X 2 ) G 


3 

















solves the PDE see e. g. Remark 2.6 in |32) . Therefore, we will also study the asymptotic 

behavior of the PDE (|1.6I) . 

As in [Il[2l|23], we consider here the averaged coefficients as limits in the Cesaro sense. Usually, 
the averaged coefficients are computed as means with respected to the (unique) invariant probability 
measure. In our situation, due to the fact that the fast component is null recurrent, we have no 
invariant probability measure. Therefore the classical methods do not work. Furthermore, since the 
variable enters the generator of the backward component and is not relatively compact in any 
reasonable topology, the identification of the limit of the finite variation process of the backward 
component is rather hard to obtain. In particular the methods used in mm do not work. 

In order to prove that the limit problem is well posed, we establish the existence and uniqueness 

for the limiting SDE-BSDE as well as the unique solvability of the limiting PDE in the Sobolev 

space x M*^), p> d + 2 . We use Krylov’s result |25) and standard arguments of BSDEs 

to establish the existence and uniqueness of the limiting SDE-BSDE. The unique solvability of the 

limiting PDE is more difficult to prove. Due to the lack of (Holder’s) regularity of the diffusion 

coefficient, the pointwise estimates of the gradient can not be obtained in our situation. To ovoid 

these problems, we develop a method which consists in establishing an L^’-local version of the 

Calderon-Zygmund theorem. Our strategy is based on the Wp’^^^-estimate for solutions of linear 

PDE with discontinuous coefficients proved in M- We use the Gagliardo-Nirenberg interpolation 

1 2 

inequality in order establish a ITp’^^^-estimates for solution of semilinear PDFs. We then obtain a 
compactness characterization of a suitable approximating sequence of PDFs from which we derive 
the existence of solutions in the space The uniqueness is then deduced from the uniqueness 

of the limiting SDE-BSDE and the Ito-Krylov formula. 

We now pass to the averaging problem. The lack of a reasonable compactness of (Z^) create 
some difficulties in the identification of the limits. Note also that, since {Z^) is not a semimartingale, 
then the method developed in mmum do not directly apply. To avoid these difficulties, we give 
an approach which combines PDE methods with probabilistic arguments. Indeed, building on the 
PDFs, we construct a sequence of semimartingales (Z^’”) that we substitute to (Z^). This allows 
us to use the method developed in mm^- Next, we show that the problems with (Z^’”) and 
that with (Z^) average to the same limit. The limits are obtained by combining a regularization 
procedure, a stability property and weak convergence techniques already used in m [ana [23]. Let 
also note that, in a periodic media, some authors have studied the asymptotic behavior of the the 
PDE (II.6p . We refer to Gaudron and Pardoux jlS] in the particular PDFs whose nonlinearity term 
depends upon the gradient in a quadratic growth manner. The case where the nonlinearity depends 
fully upon the gradient have been considered by Delarue m, who developed some of the methods 
which are needed in this paper. 

The paper is organized as follows: In section 2, we give the formulation of the problem and state 
the main results. Sections 3 and 4 are devoted to the proofs of the two main theorems. 

2 Formulation of the Problem and the main results 

2.1 Notations 

For a given function g{x), we define, whenever they exist, the following limits 

c/+(x 2 ) := lim,i,j^+oo ^ Jq" g{t, X 2 )dt, g~{x 2 ) := lim3,i^_oo ^ fg" g{t, X 2 )dt 
and g^{x) ■= g^{x2)l{xr>o} + g~ix2)'i-{xi<o}- 

Let p(x) := aooix)~^. The assumptions we shall make below will allow us to define the averaged 
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coefficients b, a and / by: 




( 2 . 1 ) 


f{x, y, z) 


y, z) 
p^{x) 


It is worth noting that b, a and / can be discontinuous at xi = 0. 

2.2 Assumptions 

The following conditions will be used in this paper. 

Assumption (A) 

(Al) The functions 6, d, tp are uniformly Lipschitz in (x). Moreover, for each xi their derivatives 
in X 2 up to and including second order derivatives are bounded continuous functions of X 2 - 

(A2) There exist positive constants A and Ci such that for every x and we have 


rac> Aiiei 


2 


and 



Assumption (B) Limits in the Cesaro sense. 

(Bl) We assume that, as xi tends to ±oo. 



tends to 


P^{x 2 ) (resp. Dx 2 P^{x 2 )^ resp. D‘^^p^{x 2 )) uniformly in X 2 - 


We refer to p^{x 2 ) as a limit in the Cesaro sense. 


Here and below 0x2 9 and 0^.29 respectively denote the gradient vector and the matrix of 
second derivatives in X 2 of g. 


(B2) For i = 0, j = 1, ..., d, the coefficients pbj, Dx 2 {pbj), Dx^{pbj), pdij, 
Dx 2 {pdij), D‘f^{pdij) have averages in the Cesaro sense. 

(B3) For any function g G {p, pbj, Dx 2 {pbj), Dl^{pbj), pdij, Dx 2 {pdij, (pd^)}, there 


exists a bounded function a such that 



( 2 . 2 ) 
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Assumption (C) 

(Cl) There exist A > 0 and p £W such that for every {x, y, y', z, z') £ x x x 
(i) \f{x,y,z) - f{x,y',z')\ < K{\y -y'\ + \z - z'\) 

< (m) \f{x,y,z)\ < K{1 + \x 2 \p+ \y\ + \z\) 


{in) \H{x)\ < K{1 + |xi|P + \x 2 \^) and H belongs to >Vp 
(C2) pf has a limit in the Cesaro sense and there exists a bounded measurable function /3 such that 
fo' p{t, X 2 )f{t, X 2 , y, z)dt - {pf)±{x, y, z) = {1 + |x 2 p + |yp + \z\‘^)/3{x, y, z) 

where {pf)^{x, y, z) := (p/)+(x 2 , y, z)l{^^yQ} + {pf)-{x 2 , y, 


1 c^i 

xi 


(2.3) 


(C3) For every xi, pf has derivatives up to second order in X 2 ,y,z and these derivatives are bounded 
and satisfy (C2). 

(C4) For every xi, the derivatives of / in X 2 , y and z up to and including second order derivatives 
are bounded continuous functions. 

Assume that (A), (B), (C) are satisfied. It is well known that: 

For every e > 0 and every (t, x), the system of SDE-BSDE (11.51) has a unique solution which we 
denote by {Xf’^,Ys'^'^, Zs^’^)o<s<t such that, 

• jg adapted, where denotes the filtration generated by the process 

. More precisely, (A^’^, is adapted to the filtration generated by the Brownian 

motion B. 

• supgE(supo< 5<4 + Jp |Z*’^’^iT(Ar)p(ir) < oo. 

• For every e > 0, the semilinear PDE (11.6p has a unique solution in 

• Note that, since a is uniformly elliptic, we also have sup^E \Zr’^’^\‘^dr < oo. Moreover, we 
have the relation 

v^{t,x) = 

Let a, b and / be the averaged coefficients defined by (II.6p . For a fixed (t, x), let {Xf,Ys’^, ■^s’*)sg[o,t] 
denote the solution of the following system of SDE-BSDE 


r Xf = x + /p b{Xf)dr + /p" a{Xf)dWr, 0<s<t. 

\ Yf = H{Xf) + jl f{Xf, y/’", Z^’")dr - Z^-’^dM ^, 0 < s < t, 

where is the martingale part of X^. 

The PDE associated to the averaged SDE-BSDE (|2.4I) is given by 

{ dv 

— (s, x) = {Lv){s, x) -F /(x, v{s, x), Va,v{s, x)), s > 0. 
x(0,x) = H{x). 


(2.4) 


(2.5) 
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( 2 . 6 ) 


where L is the infinitesimal generator associated to the process and given by, 

i,j ■' I 

Our aim is show that, 

1) equations (12.41) and (12.51) have (in some sense) unique solutions Z\’^) and v. 

2) {Xs '^converges in law to {X^^Ys'"^, Zt’""), 

3) converges to u in a topology which will be specified below. 

According to Khasminskii and Krylov |23] and Krylov [25], we deduce 

Proposition 2.1. Assume that (A), (B) are satisfied. For each x £ the forward com¬ 
ponent := (X^’^’^, X^’^’^) converges in law to the continuous process X^ = (X^’^, X^’^) 

in (^([O,t];M'^'*'^), equipped with the uniform topology. Moreover, X^ is the unique (in law) weak 
solution of the forward component of the system of equations !i2.4\ )- 

2.3 The main results 

Proposition 2.2. (Uniqueness of the averaged BSDE) Assume (A), (B), (C) be satisfied. Then, 
for any {t,x) G M_|_ x the backward component of the system of equations ^2.^}) has a unique 

solution (Y*’^, Z^’^) such that, 

(a) (K*’^, Z*’^) is — adapted and (Yg’^, Zr^ dM^'^)Q<s<t is continuous. 

(b) E(supo<s<i + /o \Z)’''a{Xf)\‘^dr) < oo. 

(c) Moreover, Yq is deterministic. 

The uniqueness means that, if iY^,Z^) and (Y^,Z^) are two solutions of the backward component 
of (12.41) satisfying (a)-(b) then, E ^supo< 5 <t |K/ — Yg\^ + Jg \Zla{Xr) — Z‘(a{Xr)^ dr'^ = 0 

Proof. Thanks to Remark 3.5 of [33], it is enough to prove existence and uniqueness of solutions 
for the BSDE 

Yj'^ = H{Xf) + r f{Xf, Y(’^, z(’^)dr - f Z(.’^dWr, 0<s<t. 

J s J s 

Since / satisfies (C) and p is bounded, one can easily verify that / is uniformly Lipschitz in (y, z), 
i.e. satisfies (Cl)(i). Existence and uniqueness of a solution follow from standard results for BSDEs, 
see e. g. m- Finally, since (Yg’^) is adapted then Yq’^ is measurable with respect to a trivial 

(T—algebra and hence it is deterministic. ■ 

The following theorem is closely related to the previous proposition. It shows that the averaged 
PDE is uniquely solved. It will also be used in the averaging of the SDE-BSDE as well as in the 
averaging of the PDE. However, this theorem is interesting in its own since it establishes existence, 
uniqueness and t\ x M'^)-regularity (for any p> d + 2) oi the solution for semilinear PDFs 

with discontinuous coefficients. It extends, in some sense, the result of m to semilinear PDFs. 

Theorem 2.3. Assume that (A), (B), (C) are satisfied. Then, equation \2. 51) has a unique solution 
V such that v G h^p)oc([^> any p > d+2. Moreover, this solution satisfies v{t,x) = Yq’^. 

The averaging of the backward component of equation (11.51) is given by the following theorem. 

Theorem 2.4. [Averaging of the SDE-BSDE Assume that (A), (B), (C) hold. Then, the 

sequence of processes (yJ’^’^, Zr^’^ dM^^ )o<g<i converges in law to (Yg’^, Z)'^ dM^'")o<g<t in 

D([0,t];M^), equipped with the S-topology. Here is the martingale part of X^ and {Yg’^, Zl’^) 

is the unique solution of the backward component of equation /I2.4D- 
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Remark 2.1. In |^ . the proof is mainly based on the fact that is a semimartingale. Similarly, 
in [T] the semimartingale property which enjoy and plays an essential role, see remark 5.1 
in |T]. If we try to follow |23) and |T], we need that be a semimartingale also. Unfortunately 
is not a semimartingale. Our strategy then consists in replacing Z^ by an “approximate” semi¬ 
martingale. The task is to construct a continuous function v, which is smooth enough such that the 
process {v{s, Xxv{s, Xs)) := (Yg, Zg) is a unique solution of the limit BSDE. To this end, by 
a compactness argument, we consider the mollified coefficients (a"', 6”, /”, if”') and the associated 
solution u”. Note that since our diffusion coefficient a is discontinuous, then we can not obtain a 
uniform bound for XxV^. We show that the sequence (f”) can be estimated in uniformly 

in n. We then deduce a compactness characterization of the approximate sequence from which we 
derive the weak convergence towards the function v. Further, we substitute Z^ by Va;U”(., X^) in 
the BSDE-equation (12.5|) . 

Corollary 2.5. (Averaging of the PDE ) Assume (A), (B), (C) hold. Then, for every {t,x) £ 
M+ X —)• as e —0. 


3 Proof of Theorem 12.3 


Let dfp 6”, /”, if” denote a regularizing sequence of dij, hi, f, H respectively. For each n > 1, 
a^-, /”, ff” are infinitely differentiable bounded functions with bounded derivatives of every 

order, ff” converges uniformly on compacts sets towards H. Moreover a^j, bf, /” converge respec¬ 
tively to d, h, f in for every p> d + 2. We assume in addition that the assumptions (Al), (A2) 
and (Cl) are satisfied along the sequence, with constants which do not depend upon n. 

Let us define 

I 

Consider the sequence of PDFs on [0, t] X 


^(s, x) = L”(x)u”(s,x) -I- P{x, u”(s, x), Va;u”(s, x)) = 0 
u”(0, x) = ff”(x) 


(3.1) 


Note that, for each n, the PDE m admit a unique solution u” which is twice continuously 
differentiable in (s, x) and three times continuously differentiable in x, see e.g. EZ], Theorem 5.1, 
p. 320. 

Using standard arguments of SDEs and BSDEs one can show that there exists a constant ki not 
depending on n such that, for every (s, x), 


|u”(s, x)| < A:i(l -|- \x\^). (3-2) 

Moreover for each n, thanks to Theorem 7.1, chapter VII, in Ladyzhenskaya et al. m, or Proposi¬ 
tion 3.3 in Ma et al. |29) (see also the probabilistic approach of Delarue |12) Thm. 6.1, pp. 85-89), 
there are constants and such that 

sup |Va;u”(s, x)| < k 2 and sup |ll^ 3 ,u”(s, x)\ < k"^ (3.3) 

(s, a;)£[0, t] xR'^+i (s, x)s[0, t] xR'^+i 
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3.1 Compactness of the sequence Vn 

We now give an a priori LP-bonnds for the derivatives of Vn- 

Proposition 3.1. For every p £ [1, oo[ and R > 0 small enough, there exists a positive constant 
C{Ci, K, p, R, t, ki) not depending on n, such that 


fl 


[\dsvT + + \Dl^vT] dxds < C{Ci, K, p, R, t, ki) 


0 JB{0,R/2) 

Replacing v hy v — H, the PDE (12.51) is rednced to a similar PDE with a null terminal datum. 
Therefore, we can and do assume, throughout the proof of Proposition 13.li that H = 0. 

To establish this Proposition, we need some preparation and lemmas. We first recall the 
Gagliardo-Nirenberg interpolation inequality which plays an important role (Theorem 3, sect. 4, 
Chap. 8 in Krylov m, see also Theorem 7.28, Chapter VII, in Cilbarg & Trudinger |16)): 

Lemma 3.2. (The Gagliardo-Nirenberg inequality). Let Ft C he a bounded open set. For any 

p > 1, there exists a constant C = C {p, d, diameter (Ft)) such that for every function £ Wp{Fl), 


\'^x'4’\\Lp{n) < C 


{IIV’llLp(n)}^ • 


(3.4) 


It follows from this inequality that, for every r > 0 there exists c = c{p, r, d) > 0 such that for 
every e > 0, 

[ [ \Vxv'^{s, x)\^dxds < e f f \Dl^v^{s,x)\^dxds (3.5) 

Jo JB(0,r) Jo JB{0,r) 


+ c(p, r, d)(l+e ^) [ [ \v'^{s,x)\^dxds 

Jo JB(O.r) 


0 JB{0,r) 

Since is uniformly bounded on compact set, then according to the previous inequality and the 
fact that n"' satisfies the PDE (13.ip . it remains to show that for any small enough r > 0, 


sup 


n Jo JB{0,r) 


Df.,xV^{t,x)\^dxdt < OO 


(3.6) 


In order to establish the previous inequality, we use the strategy developed in the proof of 
Theorem 9.11 in Cilbarg & Trudinger [16]. We rewrite the PDE (13.11) as follows 


dv^ 

ds 


(s, x) = a^Axi, 0)j^^{s,x) + gnis, x) = 0, s £ (0, t) 


^"■(0, x) = 0 


where 


gnis, x) := [afjix) - a” (a;i, 0)] 

+ Fix, r;"(s, x), Vxv'^is, x)) 






For R> 0 and s £ [0, t], we set 

• Qs,t,R '■= [s, t] X 3(0, R), where R(0, R) denotes the ball of radius R. 


(3.7) 
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• Tneas{Qs,t,R) denotes the Lebesgue measure of the set Qs,t,R- 

For cr G (0, 1), we put a := ^ and consider i] G a cut-off function i] : —)• [0, 1] 

satisfying the following properties, 

r]{x) =1, if X £ B{0, aR), 

ri{x) = 0, if |xl > a'R, 

\VxT]{^)\ ^ 4(1 — a)~^R~^ if aR < Ixj < a'R, 

\D‘f^7j{x)\ < 16(1 — a)~‘^R~‘^ if aR < |x| < a'R 


Clearly the function vP' := t/u"' solves the PDF 

^{s, x) = a" (xi, 0)^f^(s,a:) + Gn(s, x) = 0, s G (0, T) 

^"■(0, x) = 0 

d^rt _ dv'' dr] 

where, Gn{s, x) := x”'a” (xi, 0) ^^ + 2a”-(xi, 0)-^^ + Vanis, x) 

Since a” is bounded in xi and locally Lipschitz with respect to X 2 , uniformly w.r.t. n, 6” 
satisfies (A2) and /” satisfies (Cl-ii), we deduce that Gn is bounded on [0,t] x Let D be 

an arbitrary bounded subset of Since a^(.,0) and Gn are bounded, and Gn has a compact 

support, then according to Theorem 2.5 from Doyoon & Krylov |14) . there exists a positive constant 
G = G{d, Gi, K) not depending on n such that for every n, we have 


a” G W^'^{[0,t] X D) and \\u'"\\wf\[o,t]xD) ^ C\\Gn\\LPilo,t]xD)- 


From the definition of the function ry, we see that 

■\2 -,n II ^11 7^2 .,n | 


\\Lp{Qo,t,aR) — W^xx'^ 


(3.8) 


(3.9) 


We have 


where 


According to inequalities (13.8p and (13.9p . it remains to estimate / / |G„(s,xi,X 2 )|^dxds. 

Jo Jb{o,<t'R) 

n \Gn{s,xi,X2)f‘dxds < Ai + A 2 + As 

7 { 0 ,a'R) 

Ai := G{p) [ [ |x”|P|a” (xi, 0)\P\Dl^r]{x)\Pdxds 


(3.10) 


0 JB(0,u'R) 

A 2 :=G{p)[ [ |a” (xi, 0)1^* |Va:ry(x)|Pdxds 

Jo Jb{ 0 ,ct'R) 

As := C(p) f [ \gn{s, x)\Pdxds 

Jo JB(0,a'R) 

The following lemma gives estimates for Ai, A 2 and As. 

Lemma 3.3. Let Q := Qo,t,R- For every p, there exist a positive constant G{p) such that for every 
e > 0, 

rt 


(i) Ai < G{p){l-a)-^PR-^P [ [ Iv'^lPdxds 

Jo JB{ 0 ,a'R) 
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(ii) A2 < C(p)(l-a)-PR-P 

(lii) ^3 < C{p) I TR^+^ + RP + {RP + e) r [ 

Jo JE 


[ [ \D‘i v^\Pdxds + {l + £ ^) [ [ \v"'\Pdxds 

Jo JB{0,a'R) Jo JB{0,cr'R) 


0 JB{0,cr'R) 
t 


xi,X2)^ dxds 


+ (l + i?P)(l + e-^) [ [ \vTdxds 

Jo JB{0,a'R) 


Proof. C{p) denotes a constant which may vary from line to line. 

Inequality (i) follows from the properties of rj and the boundness of a^ (xi, 0). 

We use the properties of rj, the boundedness of a” (xi, 0) and inequality (13.51) to get inequality (ii). 
We now show inequality (in). We have 


r / \9n{s, x)\Pdxds < (ir + + IS) 

Jo Jb( 0 ,cj'R) 


with 


IS 


m — 

Ir, .- 


rn 

-'3 


r [ |ar,(x)-ar,(xi,0)P 

Jo JB{0,a'R) 


d‘ 


2^,n 


dxidx. 


■{s,x) 


dxds 



'0 


| 5 rwr 


dv^'’ 


dx. 


(s,x) 


dxds 



10 JB{0,a'R) 

Since a”- is uniformly Lipschitz in X 2 , we obtain 

rt 


|/”'(x, u”'(s, x), Vxv"'{si x))\^ dxds 


IS < 


sup (|x 2 |^) [ f \Dl^v'^{s,xi,X2)f dxds 
Q Jo Jb{ 0, cr'R) 

Noticing that ft"" satisfies assumption {A 2 -ii) then using inequality (13.51) . we obtain 

D^xV^l^dxds 


I2 < (^1(1 + sup |X 2 |^) 
Q 



0 JB{0,a'R) 


+ ci[l + £ f f \v"'\Pdxds 

Jo JB(O.a'R) 


'0 JB(Q, u'R) 

Thanks to assumption (C) and inequality (13.51) we deduce 

ct 


IS<K 


( meas(Q) + sup(|x 2 |^) + / / \v^{s,xi,X 2 )\Pdxds 

Q Jo JB(0,a'R) 


+ £ 


(3.11) 


(3.12) 


(3.13) 


[ [ \D‘^^v^{s,xi,X2)\Pdxds + ci{l + £ f f \v'^\Pdxds 

Jo Jb{ 0 ,(t'R) Jo Jb{ 0 ,ct'R) 


Combining (13.lip . (|3.12p and (|3.13p . we deduce the desired result. Lemma [3.31 is proved. 
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Lemma 3.4. estimate of For every p £ [1, oo[ and R > 0 small enough, there 

exists a positive constant C = C'{Ci, k, p, R, t, ki) not depending on n, such that 

[ [ \Dl,^v'^\Pdxds < 2R-^PC' 

Jo Jb{0,R/2) 

Proof. Using inequalities (13.Sp . (|3.9p . (|3.10l) and Lemma l3.3[ we show that 

rt 


{l — a)‘^PR^P f f \D‘^,j,v'^{s,x)\Pdxds 
Jo JB{0,aR) 

<C{p)ll + {l-a)PRP{l + e-^) + {l-afPR^P[l + 2{l + e-^)] f f \v'^{s,x)\Pdxds 

[ Jo Jb{0,i7'R) 


+ (1 - afPR^P 


e{l-a) PR P + sup(|x 2 |^)(l + e) + 2e 
Q 


[ [ \Dl,,v^{s,x)\Pdxds 

J Jo JB{p,a'R) 


+ K{1 - afPR^Pi meas{Q) + sup(|x 2 |^)) 

Q 


Using inequality (13.21) and the fact that jxl < R in the set Q := Qo,t,R: we show that there exists 
a positive constant C'(C'i, K, R,p,ki,£,meas{Q)) such that 

rt 


{l-afPR^P [ [ \Dl,^v'^\Pdxds 
Jo JB{0^ aR) 

< C {Cl, K, R, p, ki, £, meas{Q)) 


e(l — a)‘^PR^P / / \Dl,^v'^\Pdxds 

Jo JB(0,a'R) 


+ C{p) sup(|3:2|^) 
Q 


+ C{p){l + sup \X 2 \^) 
Q 


+ C{p){l - a)-PR-P 

{1-afPR^P [ [ \Dl^v^fdxds 

Jo JB{0,a'R) 

{1-afPR^P f f iDl^v^dxds 
Jo JB(0,cr'R) 

[l-afPR^P r f \Dl,^vTdxds 

Jo JB(O.a'R) 


+ C{p) 


Let A := 1 + sup \x 2 j’■ We Choose e := t {2^^AC(p) [(1 — o) PR ^ + 2] } ^ and R be sufficiently 


Q 


small so that 2 ‘^pC{p)supq{\x 2 \p) < \ then use the fact that = 1 — u' to obtain 


(1 - afPR^P 



1 


0 JB{0,crR) 


D,,,,v^\Pdxds < - 


(1 - a'fPR^P 



0 JB(0,cr'R) 


dxds 


Passing to the sup on a' and a, we get 


R^P 



sup {l-afP 
0<cr<l Jo JB{0,aR) 

< l-R^P sup 
2 0<cr'<l L 


+ C'(C'i, K, p, R, t, ki) 
\dJlx'P"'\^dxds 

(l-a'fP f [ \Dl,vTdxds 

Jo JB(O.a'R) 


+ C{Ci, K, p, R, t, ki) 
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It follows that 


R^P 


sup {1 — a)‘^P f f \D‘^^v"'\Pdxds 
0<(T<1 Jo JB{ 0 ,aR) 


< 2C'(C'i, K, p, R, t, ki) 


The proof is finished by taking a 


1 / 2 . 


Proof of Proposition 13.11 Thanks to inequality (13.21) . inequality (13.51) and Lemma 13.4[ we 
deduce that supnW'^ xv'^Wl {[o,t]xB{o,R/ 2 )) is bounded. Since u” satisfies the PDE (|3.ip . we deduce 
that sttpri||'9s^”'||i,p([o,4]xB(o,fl/2)) is bounded also. Therefore, there exists a positive constant C = 
C{Ci, K, p, R, t, ki) such that 


sup 

n 


B(0, R/ 2 ) 


[\v^\P + \dsV^\P + \Vxv'^\P + \Dl^v'^\P] dxds < C 


Proposition I3.1l is proved. 


(3.14) 


Proof of Theorem 12.31 Inequalities (|3.14p and (|3.2p express that for every i? > 0 small enough, 


sup ||u \\wJ''^([ 0 ,t]xB( 0 ,R/ 2 )) — p)) 

Since, any ball il(0, RJ) can be covered by a finite number of balls of radius ii/2, and the proof of 
Proposition 13 .1 1 can be easily adapted to proving the same estimate in a ball of radius R/2 centered 
around any point in we deduce that 


sup 

n 




< oo. 


(3.15) 


Therefore v'^ converges weakly to v in the space iyp’^([0, t] x Q), and v solves the PDE (12.51) a.e. 

We now prove the uniqueness of solution in Let (X^,Y/’^, Zt’^)o<s<t be a solution of 

the FBSDE system 


=x + 


ps ps 

/ b{X/)dr + / a{X/)dWr, 0 < s < t, 

Jo Jo 


Yt,x _ 


H{X/) + f f{X/, y/’^, Z/'^)dr - f Zl’^dM/^\ 0 < s < t. 
J s J s 


(3.16) 

(3.17) 


For p > d + 2, take any solution v G ^p’loc PDE (12.51) . The Ito-Krylov formula shows 

that the process {v{t — s, X^), Vxv(t — s, X^), 0 < s < t) is a solution of (I3.17p . Hence v{t,x) = 
Yq^ = E(y()*’^). Since (13.171) has a unique solution, v{t, x) is written as the expectation of a uniquely 
characterized functional of {Xg)o<s<t- But uniqueness in law holds for (I3.16P (see Proposition 12.ip . 
consequently the law of X^ is uniquely characterized, hence the solution v of (|2.5p is unique in 

Kloc- ■ 

As consequence of Theorem 12.31 and the Sobolev embedding Theorem, we have 
Corollary 3.5. u"' converges uniformly to v on any compaet subset of M+x 


4 Proof of Theorem 12.4 . 

In order to simplify the notation throughout the proof of Theorem 12.41 we will suppress the super¬ 
script X (resp. {t,x)) from the processes {X^, Y^'^, Z^’^) and . That is, we will 

respectively replace {X^, y*’^, by {X, y, Z) and (X"^’^ yb^’=, by (X^, y^, y=). 

The following lemma, can be deduced from assumption (A). 
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Lemma 4.1. For every p > 1 and t > 0, there exists constant C{p,t) such that for every e > 0, 
E( sup + \Xl\P] ) < C(p,t). 


0<s<t 


Proposition 4.2. Assume that (A), (B) are satisfied. Let a, b, aF and 6 ” he defined as in section 
3. Let X = {X^, A^) denote the solution of the SDE 

PS PS 

Xg = X + / b{Xr)dr + / a{Xr)dWr, Q < s <t. 

Jo Jo 

Then, for every p > 1, 

(j) E / \aF{Xr) — a(Aj.)|^dr, —)• 0 as n tends to oo. 

Jo ^ 

(jj) E / \fF{Xj.)—h{Xr)f’dr, —)• 0 as n tends to oo. 

Jo 

Proof. Proof of (j) and (jj). Let N > 0 and put Djy := {x G \x\ < N}. For {g, g"^) G 

{(a, oF), (b, 6"')}, we have 


E f\g^{Xr)-g{XrWdr<2P{E T 

Jo Jo 

+E [ \g^iXr)-g{Xr)n[g,,p^^^^x4>N}dr) 

Jo 

Since g and g^ satisfy (A), (B), there exists a constant C which is independent of n such that, 


E 


r \g^{Xr) - g{Xr)f'dr < 2P(E T \g^{Xr) - g{Xr)n^ 
Jo Jo 


SUPs<r 


dr 


+^E( sup lA.pP)) 


NP 


0<s<t 


By Krylov’s estimate, there exists a positive constant K{t,N,d) which is independent of n such 
that 


E [ \g^{Xr) - giXr^dr < K{t,N,d+l)\\ \g^ - g\P ^ + ^E( sup \Xg\^^), 

Jo ^ ' I\P 0 <s<t 

Passing successively to the limit in n and N, we get the desired result. 

4.0.1 Tightness of the processes (Y^, := f Z^dM^^) 

Recall that the process is defined by 


y/ = H{Xt) + / y/, z^,)dr - I ZfdM, 




(4.1) 


where x}’^ = 

Proposition 4.3. There exists a positive constant C which does not depend on e such that 


sup < E ( sup |y/|^ 
£ I \o<s<t 





< C. 


(4.2) 
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Proof. Throughout this proof, K and C are positive constants which depend only on (s, t) and 
may change from line to line. According to Lemma [4. II we have, for every A: > 1, 


sup IE 
£ 


( sup 
Vo<s<t 


^ 1 , £ 1 2k 

I 




\2k 


< + 00 . 


(4.3) 


Using Ito’s formula, we get 


< \H{Xf)\^ + K f\Y^^\^dr+ X^’^, 0, 0)fdr 

J s J s 

+ 2C f \Y^^\\Z^\dr-2 Z^dMf). 

J s J s 


Since \a{Xr’^, Xr’^)\^ = Trace {^aa* (^Xr’^, Xr’^'^^ > c > 0, one has 


2C|y/||z^^| < c|y/|2 + 

It follows that 

According to Gronwall’s Lemma, there exists a constant which does not depend on e such that 

E (|y/|2) < CE (^\H{Xf)\^ + ^ 

We deduce that 

E (^1^\Z^,\^d{ ),) < CE (^\HiX!)\^ + (4 4 ^ 

Combining (14.41) and Burkholder-Davis-Gundy’s inequality, we get 

e( sup |y/rt <GE(|iA(Af)| 2 + 0 )pdry 

\0<s<t / \ Jo J 

Hence, 

e( sup |y/P + ^ f \Z^,\^d{M^^) \ <CE(|iL(Af)| 2 + 0 )^^^ 

Vo<s<t Jo J \ Jo J 

In view of condition (Cl-ii and in) and inequality (14.3p . the proof is complete. ■ 


< E(|iL(Af)|2) +CiE 0, 0)|2dr) 

+ AE |y/pdr^ . 


Proposition 4.4. Let := Z^ dM^^. The sequence (y^, is tight on the space 

T> ([0, t], M^) X P ([0, t], M^) endowed with the S-topology. 

Proof. Since is a martingale, then according to |3^ or |21) . the Meyer-Zheng tightness criteria 
is fulfilled whenever 


sup (cy(y^)+ E ( sup |y/| + |M||P <+oo, (4.5) 

e \ \o<s<t J J 

where CV denotes the conditional variation and is defined in appendix A. 

Clearly 

CV{Y^) < E |/(Al’^ A2’^ y/, Zl)\d^ . 

Combining condition (Cl) and Proposition 14.31 we derive (14.51) . ■ 
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4.0.2 A sequence of auxiliary processes, tightness and convergence. 

For n G N*, we define a sequence of an auxiliary process by 

:= sG[ 0 , t] 

We rewrite the process in the form, 

y/ = H{X!) + f y/, zp'-)dr + - (Mf - Ml) 

J s 

where 

Mf := [ 

Jo 

:= r y;, Z-) - y/, dr. 

Jo 


(4.6) 

(4.7) 


(4.8) 


We define 




I ^ 

*-5 


:= ^Z,"’V(Al’^ X2-")dlW- 

Jo 

^ r V,r-(r, X,^)a(Xi’", 

Jo 

_ r (Z,^-Z.^’>(A,^’^ A,^’^) 

[{Z^, - Z^Z"MX^’\ X?’")][iZ^ - Zr’")cj(A,i’", A^’")]- 




|(Z=-Z."’")cj(A,^’", X?’^) 


dr 


Proposition 4.5. For every n G N*, the sequence (A4^’”, A^’”, L^’"')£>o tight on the space 

{C ([0, t], M))"^ endowed with the topology of uniform convergence. 

Proof. We prove the tightness of (L^’”)£>o. Since Zf’” := XxV^{t — s, A|), then according to 
inequalities (14.21) . (13.31) and (14.3F we have for any n, p G N*: 




'f 


t pt 

Max( supE / |Z^pdr, supE / |Zf’”'^ 

e Jo 


dr, supE sup |A^’^|^dr ) < oo. 

£ 0<r<t 


We successively use assumption (A2) and Schwarz’s inequality to show that for any n 

<supEf sup [ \iZf - Zf’^)aiX^’^, X^’‘^)\dr] 
e Xls'-slKsJs I 


supE( sup |L^A-L^’”| 


|s'—s|<(5 


(4.9) 


(4.10) 


s |<6 

< AsupE [ sup(l + |A^’^|) sup f |(Z^ — Z^’”')|dr ] 

e \r<t \s'-s\<sJs ) 

< 2VdAsupEfsup(l + |A2’^|) [ l\\Zf\^ + \Zp^\^)dr]^'\ 

e \ r<t Jo ) 

< CVd. (4.11) 

Using inequality (|4.9p then letting 6 tends to 0, we deduce the tightness of (L^’"')g^Q from 
Theorem 7.3 in |6]. The tightness of (A^’"’)e>o, (A4^’"')g^Q and (AA^’"')g^Q can be established by 
similar arguments. ■ 


16 




Theorem 4.6. For every n, there exists a continuous process AA"', L”, A '^), a cad-lag process 

(Y, M) such that along a subsequence of e, we have: 

(A4"’”, AA"’^, L"'^, A"’", T", M") ^ (A4^, L", A”, T, M) on (C ([0, i], M))^ x (P ([0, i], M))^ 

respectively endowed with the topology of the uniform convergence and the S-topology. 

Moreover there exists a countable subset D of [0, t] such that for any k > 1, ti,... ,tk G 

{Yl , Mf ,..., , Ml )^{Yt,,Mt,,..., Yt, 

where denotes the convergence in law. 

Proof. From Propositions 14.41 and 14.5[ the family (A4^’", A/"^’”, L^’”, A^’”, Y^, M^) is tight on 
{C ([0, t], M)) X (P ([0, t], M)) , where the spaces are respectively endowed with the topology of the 
uniform convergence and the S-topology. We deduce that along a subsequence (still denoted by e), 
(Ad^’"", L^’”, A'^’"', Y^, converges in law on (C ([0, t], M))^ x (P ([0, t], M))^ to a process 

(Ad”, AA’”, L”, A”, y”, M”). The last statement follows from Theorem 3.1 in Jakubowski [21]. ■ 


4.0.3 The first identification of the limits in e 

In this subsection, we will determine the equation satisfied by the limit process (y, M). 


Proposition 4.7. Let [Y, M), be the process defined in Theorem f.6 as a limit (as e 
(y^ i\/P). Then, 

(i) For every s € [0, t] — D, 


0y> of 


Z = H{Xt) + /; fixl Xl Yr, V^v^it - r, Xr))dr + Af - A” - (M* - M,), 

E (supo<,<t |y.|2 + ixip + |X2|2) < c. 


(4.12) 


iii) Moreover, M is Tl’'-martingale, where P" := a^Xj., Yr, Mr, Ad”, A/"”, L”, A”, 0 < tt < s} aug¬ 
mented with the ¥-null sets. 

To prove this proposition, we need some lemmas. The first one plays a similar role to that played 
by the invariant measure in the periodic case. It was introduced in |23) for a forward SDE and later 
adapted in |T] to systems of SDE-BSDE in which the generator of the backward component does 
not depend on the variable Z. We do not provide a proof, since that of Lemma 4.7 in |T] can be 
repeated word to word (also we have a new variable). 

Lemma 4.8. Assume (A), (B) and (C2)-(C4). For {x 2 , y, ^) G x M x let V'^{x,y, z) 

denote the solution of the PDF: 


,xi 


,xi 


am{—, X 2 )D,rrU{x,y, z) = /(—, X 2 , y, z) - f{x, y, z), xi G 
tt(0, X 2 ,y, z) = T>xiu(0, X 2 ,y, z) = 0. 


(4.13) 


Then, for some bounded functions /3i and (32 satisfying 112., we have 

(i) DxfV^{x,y, z) = xi(l -h |x 2 p + |yp + |2p)/3i(f-, X 2 , y, z), 

and the same is true with replaced by D^^DyV^ and 

(ii) V%x,y, z) = xf(l -k |x 2 p + |yp + |zp)/32(^, X 2 , y, z). 


and the same is true with replaced by 0 x 2 ^^, Y)yV^, , DyV^^, , PajjP^P^ , 

Dx 2 DzV^ and DyDzV^. 
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Lemma 4.9. We have, for any fixed n > 1, 
rt 


sup 

0<s<i 


- \ 

/(^, y/, - r, y/, - r, dr 


tends to zero in probability as e —>■ 0. 

Proof. We set 


1 , £ 


h{Xl^fi Ze,n^ ^ X2,e^ ye^ _ ffixj’fi X^’fi Yf, 


We shall show that for any 0 < s < t 


lim 
£—^0 


h(X^’fi X}fi Yfi, Zfi^)dr 


= 0 


Let denote the solution of equation (I4.13p . Note that has first and second derivatives in 
(x, y, z) which are possibly discontinuous only at xi = 0. Then, as in |23) . since yp' is bounded away 
from zero, we can use the Ito-Krylov formula to get 


y^(x^^ x,^’^y/, yf’") = y^(x,yo^ yf’ ) 

+ r [/(^’ y"’") - y/, zfi^)]dr 

Jo ^ 


,X, 


1 , £ 


+ / Trace[d{^—,X^’‘^)Dl^V%Xl’fiX^'fiYfi,Zfi^)]dr 


,X, 


1,£ 


X 


l,e 


+ / [Z),,y^(Xf’^x2’^y/, zfi^)b{^, x^--) - DyV%X^pX^^fiYfi)f{^,X^PYfi)]dr 


+ ^[Z),.W(Xf’^ X^^fiYf, Zfi^)ai^, X2’^) + Z5^W(xf’^x2’^y/, yf’”)yfa(^,x2’=)]dW, 
Jo ^ £ 

+ i r DlV^X^’fiX^PYfi, Zfi^)Zfaa*{^,X}^){Z^P*dr 
2 Jo e 

+ l r D^DyV%X^,’fiX^’fiYfi, yf’")(Ta*(^,x 2 -^)(yf)*dr 
^ Jo £ 

+ i ^z),D,w(xl’^x2-^y/, zfi^)d{xfi y^’-), 

2 Jo 

+ i r DyD,V^{Xy,Xl^fiYf, Zp^)d{Yfi y^’-), 

2 Jo 

+ i^'z)2p^(xf’^x2-^y/, zfi'^)d{z^’^)r 

+ r D^V^X^’fiX^’fiYfi, Zfi^)dZfi^ (4.14) 

Jo 

In view of Lemma 14.81 and Proposition 14.31 


limy-(x,yo^yf’") = o 
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Using the fact that 1 = and Lemma 14.81 we obtain 




(l + |X2’"|2 + |y/|2 + |^|-«|2)|^2( 




1, e 


y2,£ 7^’ 

5 5-^55 


+ ^{|xi’®|>Vi}l^i’^l^ [(1 + + l^/l^ + 




£, n|2'\ 


A(^. xi’', y;, z?”) 


Thanks to Lemma 14.81 and Proposition 14.31 we deduce that 


E r sup |U^(X]’^ < iL [e+ sup sup |/32(—, 

Vo<s<t / y |a;i|>x/£ (3:2,?/,2) ^ 


X ,y, Z) 


Since /32 satisfies (I01) . the right hand side of the previous inequality tends to zero as e —> 0. 
Similarly, one can show that each term on the lines from the third to the last one in the above 
identity tend to zero. Let us detail the arguments for the term on line six, and on the term on line 
eight. Let us start with the term on line 6, which is one of the most delicate ones. 


I 


DlV^X^’^, ^2’^, y/, Zp^)Z^aa*{^,X^’^){Z^^ydr 


X.. 


1,£ 


<C sup |T>^y^(X^^’^x7,y/, Z=’'^)|Trace / Z^aa*i^—,Xyy{Z^y*dr 


0<r<s 


Since {Trace Z^aa*Xr’^){Z^)*dr, 0 < s < t} is the increasing process associated to a mar¬ 
tingale which is uniformly L^(P)—integrable, its square root has a bounded expectation. Moreover, 
arguing as for V^, one can show that 

sup {Xy^, Xy^ ,Yy Zy'^)\ tends in probability to 0 as e ^ 0. 


0<r<s 

We now consider the term on line 8. Since Xxv"'{s, x) G C^’^, we use Ito’s formula to get 

V,u”( 0 , Xf) = Xxv^it, X^q) + fr{r, ^,xyydr 

Jo £ 

rt 


+ [ Dl,v^{t-r,X^M^,XyydWr (4.15) 

Jo £ 


where 


r(r, = -dr {VxV^it - r, X^y) - Dlx,v^{t - r, y 2 ..) 

+ - r, X^)aa*{^,Xyy 


According to inequalities (13.2p and (13.3p . it follows that (I4.15P is well-defined. Moreover, we have 

I r DxD.vyxyyxyyry zy^)d{xy z^^^)r 

^ Jo 


<c sup \DxD,vyxyyxyyY^,zp'^ 

0<r<s 


)| X / \Traceaa*{ — Xy^)D‘^^v^{t — r, X^)\dr 

Jo £ 
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In view of condition (A2), fl4.3p and the fact that \D‘l^v'^\ < k'^, the LP{F) norm of the increasing 
process \Trace aa*Xr’^)D‘^^v'^{t — r, X^)\dr is bonnded (by a constant not depending on 
e), for each p > 1. Farther, the same argnment as above shows that 

sup 0, as e ^ O 

0<r<s 


Similarly, one can show that 

1 


1 


Jo ^ Jo 

+ r Zp^)dZp'^ 

Jo 


converges to zero in probability as £ tends to 0. The proof is complete. 


Lemma 4.10. For every n G N’ 


b the sequence of processes / Yf, VxV^{t—r, X^))dr 

Jo 


converges in law (as £ ^ 0) to the process / f{X(,X^,Yr,VxV^{t—r,Xr))dr on (C([0, t], M), || ||oo)- 

Jo 

Proof. It can be performed as in [T]-Lemma 4.9. ■ 


Proof of Proposition 14.71 Passing to the limit in (14.71) and using Lemma 14.91 and Lemma 14.101 
we derive assertion (i). Assertion (ii) can be proved by using the same argument as those of |34) . 
section 6. ■ 

Let Tg := cr^Xx, Y^, Mr: J^r: -^r: ) -^r i 0 < u < s| be the filtration generated by 

(X, y, M, A4"', AA”, L”’, A"') and completed by the P-null sets. Combining the estimates in Proposi- 
tion l4.3[ inequality (14.31) . Lemmas (IA.3D and (IA.4D in Appendix A, we show that M is X”-martingale. 


The following proposition summarizes Proposition 6.5.2 and Corollaries 6.5.3 and 6.5.4 in De- 
larue |12) . We will sketch the proof for the convenience of the reader. 

Proposition 4.11. For every n G N* and every s G [0, t] we have 

(t) M-J^% = Vf. 


(ii) The process is of bounded variation, and, for every progressively measurable process 
{(3s ■ 0 < s < t} satisfying E ( \(3r\^dr \ < +oo we have for any 0 < s < s' < t, 


i: 


{(3r, <C{ \(3r\'^dr){Trace{[M - 


ZfdMr 


X 


- [M - 


ZfdM^l}) (4.16) 


Proof. We follow m- Assertion (i) is a consequence of Theorem 14.61 We prove assertion (ii). 
Thanks to (|4.8p and assumption C, there exists C > 0 (which value may change from line to 
another) such that for every e > 0, n G N* and s < s' <t : 


j-s' 

Using the definitions of M^, A4^’”, and the fact that the diffusion coefficient a is uniformly 

elliptic, we deduce that : 


< C trace ([AT^-'', - [A^^’”, - A4=’"]s) 
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Using Theorem 14.61 and assertion (i), we show that for every n € N* and 0 < s < s' <t 


1^”/ - ^”1 < Ctrace([Ar’", M - - [Af'', M - 7W”],) 

Hence, thanks to the Kunita-Watanabe inequalities, for every progressively measurable process /3, 
satisfying E ^Jg \f3r\‘^dr^ < +oo 


I r < C{ r |/3^p(itrace[AA’^]^)^(trace{[M- [' ZyM^]^' - [M - [' ZyMy^})^ 

Js Js Jo Jo 

Since for every e > 0 and n G N*, the process (|A^^’"'p — s) is a supermartingale, then for every 
n G N* the process — s) is also a supermartingale. Following the proof of Theorem 4.10 of 

Chapter I in Kratzas & Shreve, we deduce that (|trace([AA”]s/| — [AA"']^). This completes the proof 
of assertion (ii). ■ 

4.0.4 Identification of the limiting BSDE in n 

For s G [0, t] we put 

rp := - s, Xs) and Z^ := - s, X^) (4.17) 

Proposition 4.12. For every s G [0, t] — D, 

^lim^ (^E (|y" - y,i) + EI ^ zyu^t -[m- zyn^s'^ = o. (4.18) 

Proof. For i? > 0, let Dji := {x G |xl < i?} and tr := inf{r > s, \Xr\ > R}, inf{$} = oo. 

Step 1: Estimate of E 

By Ito’s formula, we have 


F- = r;-(0, X,) - 


= ^;”(0, Xt) - 


f 


dv^ 

dr 

dv'" 

dr 


{t — r, Xr) + Lv'^it — r, Xr) 


{t — r, Xr) + — r, Xr) 


dr- J X:rv''{t - r, Xr)dM^ 
dr 


+ f (Z^ - Z) v'^it - r, Xr)dr - f ZfdM^ 

J s J s 

In view of (13.11) . (14.121) and (14.171) . we have 

F," - F, = r;"(0, Xt) -%+ f [/"(X,, F,", Zf) - /(X„ i;, Zf)] dr 

J S 

+ [ {L''-L)v'''{t-r, Xr)dr- f dA'f + f [dMr - ZyU^ 


Using Ito’s formula on [s A tr, t A tr], it follows that 




') + E I (^[M - ZyuytAru I ZyMysArtt'^ } (4.19) 


rtATji 


= E |7;"(0, Xt^rn) " f + 2IE / (F" - F„ /”(X„ F", Zf) - /(X„ F„ Zy)dr 

J sAth 

rtATH _ _ _ rtAra 

+ 2E / {YfJ-Yr, {y-yv'^it-r, Xr))dr-2E fY?dAf). 

J S/\Tf} J SATr 
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On one hand, since / is uniformly Lipschitz in the y-variable [thanks again to Assumption (C)-(i)], 
it follows (where the constant C can change from line to line), 


2E 


ftATJl 

/ riXr,Y,^,Z:})-fiXr,Z,Z^))dr 

JsAtr 

■tArji 

F” - Yrl^dr + E / \r{Xr, YA - f{Xr, YA 

sAtr JsAth 


(4.20) 


< CE 


f 

J SA 






- 

< OE / - Yr^ra?dr + E / [/"(A,, F,", - /{Xr, F,", Z^? 

J sAtu 


10 


pt _ rtAru 

< OE / |F,;,^ - Yr^A^dr + E / |r(A„ F", Z^ - RXr, F", F, 

Js Jo 


n /7n^|2 


The same argument shows that 

ftATfl 


2E 


nATji 

/ (F,- - Yr, (L- - L) v^{t - r, Xr))dr 

J sAth 

pt _ ptArji 

< 2E / - YrArnfdr + E / |V,,n"(t - r, A,)|2|6-(A,) - b{Xr)\^dr 

Js Jo 

f ptATR \ 

+ E (^y \dAv’^{1 - r, A^)|2|a’^(A^) - a{Xr)\‘^drj . 


For each n G N* and ii > 0, we put 


:= E Ait -tATR, Xt^rn) - F^r^T + A", Z^ - f{Xr, F-, Z^l'^dr 

J S 

+ E / |V,,n”(t - r, Xr)\A'^{Xr) - bAA^dr 

Jo 

/ ftATR \ 

+ E f y \DlA{t - r, A^)|2|a"(A^) - aiXA'^drj . 

In the other hand, we deduce from inequality (I4.16F with the choice /3 := F” — F, that for any 

a > 0, 


rtATR 


2E 


rtATR 


(F- - Yr, dAA 


' SATr 


<Te 




rtATR 


IF" -F.Fdr 


'sATr 


(4.21) 


+ Ca'E ( <{ [M - / ZyMAtATR -[M- ZAMAsAtr 

Jo Jo 


<^E 


IF" — F 

^ J- rt 


^dr 


'rATR ^rATR 

7n JT\ rX 


+ Oa^E (^1 [M - ZyuAtAra - ^ ZAmAsAtr^'^ 

We choose A such that CA < ^ then we use identity (I4.19P to get 

') + Ie I (^[M -zyuAtArR 1 zyuAsATR 


E(|F",^-F,a.J2' 


< + CE / |F,",^ - Yr^rR^dr. 
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Therefore, Gronwall’s Lemma yields that 

E + EI (^[M - zyM^]t^rn 1 zyM^sAri, 


< iLi(C7,t)<5" 


n,R 


(4.22) 


Step 2: lim lim 5?’^ = 0. 

R-^ +CXD n->- +00 

We have 5"’^ = If + + IJ, with 

r-tATfl 


:=E 


/ 


\V,v^{t - r, Xyy^iXr) - biXr)\yr 

rtATji 


+ E / \Dl^v'^{t - r, - a{Xr)\'yr, 


2 1 -n / 


K ■= E 


rtATu 

/ \r{Xr 

io 


Z-) - f{Xr, n", 


r-iATfl 


= E 


\riXr, v^{t - r, Xr), X^v^it - r, Xy - /(X„ - r, X,), X,v^{t - r, Xr))\^dr, 


:= E\v^it-tATR,Xt^ru)-ytArn\ ■ 


Using Holder’s inequality, Krylov’s estimate, (13.151) and Proposition 14. 2 [ one can show that If tends 
to zero as n tends to infinity. 

We show that tends to 0 as n tends to oo. Let M > 0 and put •= ^2 ’^ + -^ 2 with 


Z”:= E 




\r{Xr, n", Z-) - fiXr, n", Zy^yY;^\+\z?\<M}dr 


and 


:= E 


rtArji 


inXr, vy Z^) - f{Xr, yy zy\\Y^.\Y\z?\^M}dr. 


We have 


/2 ’ ^ < E 


rtATR 

/ sup \nX^, X^, y, z) - f{X^, X^, y, z^dr. 

0 {|y|+L|<M} 


We put h^{x) := sup{|y|+|^|<^} |/”(x, y, z) - f{x, y, z)\. 

Thanks to Krylov’s estimate, there exists a positive constant N = N{t, R, d) such that 


rtATR 

y<Ej y{Xrydr<N\y\\U,^^^^ 


-'2 — 
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Since /” and / satisfy (Cl), YJ^ := v'^{t — s,Xs) and Z” := — s,Xs), we get 

hath 

I {\f^{X '^’^''1 ' I-f''w 'iTn ryn\\\2^ 

Jo 

ftATH 


< E 


y,", z,")| + |/(X„ y-, y,")|)'i{|y.|+|z.|>M}^ir 


< 2K¥. 


rt/\TR 

/ (1 + + \Y^\ + |■^”l)^l{|Y,?|+|Zg|>M}'^’" 

Jo 


rthTH \ 2 / /■iArfl 

< 2^ ( E / I I w I , iwni , |-7n|^4, 


(1 + \Xr\ + |y/^| + |y”|) dr \ ( E / l{|Y/>| + |Zp|>M}'^^ 


2if 




(1 + |y,|^ + \Y,^\^ + \Zl^\^)dr ) ( E / (|y,"| + |y;|)dr 




< 


2K 


M2 V ^0 


ftATR 


E 


(1 + |X,|^ + Iv'^it - r,Xr)\^ + iXxv'^it - r,Xr)\^)dr 


HAtr 


X E / i\v^{t-r,Xr)\ + \VxV^{t-r,Xr)\)dr 


According to Krylov’s estimate, there exists a constant N = N(R, t, d) such that 

HAtr 


E 


(1 + |X,|^ + \v^{t - r,XrT + \yxv^{t - r,XrT)dr j < ^( 1 + i? + ||^;"||i.+ 2 ([o, ^jxDh) 

+ ||Va;t> llL<i+ 2 ([ 0 , tJxDfl) 


and 


HAtr 


E 


(jv^(t - r,Xr)\ + \XxV^{t - r,Xr)\)dr < Nl \\v^\\L<i+ 2 ^[o^ t]xDR) 


+ l|Vx'y"'||L4+2([o, t]xDR) 


But, thanks to (|3.15l) . and Vu"' are bounded in each Lf^^{[0, t] X R'^+^) uniformly in n. We then 
deduce that there exists a positive constant Ki = Ki (t, R, d) such that 


tTI, 2 ^ -^1 

sup I 2 < —r 

n M 2 


Therefore, 


< K{t,R,d) 


\\h 


n\\2 


lLd+2(Z)fl) 


+ 


M2 


(4.23) 


Passing successively to the limit in n and M, we deduce that tends to zero as n tends to infinity. 


We shall show that Jg tends to 0 as n tends to 00 . We have 

= E\v^{t-tATR,Xt^rR)-Yt^rR\^ 

= E \v"-{t -tATR, Xt/^rn) -v{t-tA Tr, XtAr^j)!^ + E \v{t -tATR, Xt/^m) - ^iArfll^ 

Since as R tends to 00 , v{t — t A tr, Xt/\Tj^) tends to u(0, Xt) = H{Xt) and PtArji tends to 
y = H{Xt), then we pass to the limit first in n and and next in R to deduce that /g tends to zero 
as n tends to infinity. Consequently lim lim 6j’ =0. 

R^+cxin^+oo 

Since tr tends increasingly to infinity as R tends to infinity, then for R large enough t A tr = t 


and hence lim ( E (I y" — y I) + E 

n ^+00 ' ^ ' 


[M - j 

Jo 


- I zyMj^]t - [M - / zyMj^]s 


= 0. 
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We now define 


Ys := v{t - s, Xs), Zs := Xxv{t - s, Xg), 

where v is the solution of the PDE (|2.5p . Note that although Xxv{-,-) is only an element of 
L^ocii^^ t] X (for any p> d + 2), since X is non degenerate diffusion, it follows from Krylov’s 

estimate (see m) that Xxv{t — s,Xs) is well defined as a random element of L^(0,t). 

Proposition 4.13. For every s € [0, t], 

^hm^ (lE(|y” - Yg\)+Ej^\Z2 - Zsfd{M^)s'^ = 0 


1 2 

Proof. Since v belongs to then Ito-Krylov’s formula and the uniqueness of the backward 

component of equation (|2.4I) show that for every s S [0, t], 

Yg = v{t-s,Xg) (4.24) 

In another hand, since 

' y, = H{Xt) + f(Xr, Yr, Zr)dr - f* ZrdM^ 
y- = v^{0, Xt) - fl r{Xr, v^{t - r, Xr), XxV^it - r, X,))dr + (L^ - 1) v^{t - r, 

Using Ito’s formula on [s Ar/j, tArn] then arguing as in the proof of Proposition 14.12l it holds that 

1 rtATfl 

E|y-,^-y,^.j2 ^ E / i^n _ Zg\^d{M^)s 

< E -tFTR, Wath) - 

ftATR 

+ E / (y" - Yr , r{Xr, V^it - r, Xr), V^{t - r, Xr)) - fiXr, Yr, Zr))ds 


'sAtr 


rtATjl 

+ E / I (L^ - L) u^(t - r, 

Jo 

+ CeJ^ \Yrlr^-Yr^rn 


— r, Xr)rdr 
^dr 


Since {Y^,Z^) = (f”(0, Xt), XxV^{0, Xt)), it follows that 

1 ftArji 

E|y,;,^-y,A.j 2 + -E / \Z 2 - Zgfd{M^) 

^ JS/\TR 


sAtr 

< E -tATR, XtAm) - 

+ E / {Yr^ - Yr , r{Xr, Yj^, - /(X„ Yj^, z:^))ds 

JsAth 

j-tArji 

+ E / {Yr^ - Yr , fiXr, YJJ, ZlJ) - /(X„ W, Z’J))ds 

JsAtji 
rtAru 

: / {Yr^ - Yr , f{Xr, W, Z") - J{Xr, Yr, Zr))ds 

J sATr 


+ E 


I s AtJ i 
ri/^ru 


rtATu 

+ / I (L’^-L)r;”(t-r, 
J S 


— r, Xr)rdr 


+ CE \Yrlr^-YrArn\‘'dr 
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Since / is uniformly Lipshitz in (y, z) with the same Lipshitz constants K as /, then for any a > 0 
satisfying we have 

nYs^Arn-YsAr^l" + (2 " ^ J " Zr\^d{M^)r 

< E -tATR, XtArn) - 

ftArji 

+ E / \r{Xr, z:^) - f{Xr, n", 

Jo 

ftATjl 

+ E / \{L^ -L) v^it - r, Xr)\‘^dr 

Jo 

+ {C + K + a)Ej^ 

We set 


,5”’^ := E {\v^{t -tATR, Wath) - 

ftArji 

+ E / ir(x„ y-, y,-) - f{Xr, y,", 

Jo 

rtATH 

+ E / I (L’^-L)r;’^(t-r, X^)|2(ir 

Jo 

Arguing as for 5, ’ , we show that lim lim 5a =0 and the conclusion follows as in the proof 

R-^ +CXD EL^ +cx:) 

of Proposition 14.121 ■ 

Corollary 4.14. P |Vs G [0, t], Yg = v(t — s, X^)} = 1, which implies that (y^) s<t is continuous. 
Moreover Y^ ^ Y. 

Proof. Combining Propositions 14.12] and |4.13[ we deduce that for all s G [0, t] — D, = 

a.s. Hence Y has a continuous modification, which coincides a.s. with Y on [0, t]. But Y 
is calag, hence it is a.s. continuous and identical to Y. 

Since Y was defined as the limit in law of an arbitrary converging subsequence of the sequence 
y^, Yg = v{s, Xg), and the law of X is uniquely determined, the law of {r;(s,Xs), 0 < s < t} is 
uniquely determined. Consequently, the whole sequence converges : Y^ ^ Y. ■ 


Proof of Corollary 12.51 From equations (14.7p and (I4.12|) . we have 


yo^ = H{X!) + Af- + £ f{X^, y/, Z^r^dr - Mi 

yo = H{Xt) + Ai + f(Xr, Yr, Zi)dr - Mt 


By Corollary 14.141 and the continuity of the projection at the final time t ^ D : y yt, we deduce 
from the above two identitites that Yq converges towards Yq in distribution. Moreover, since Ijf, Yq 
are deterministic, we deduce that lim^^o^o^ = = Yq. That is, by using the non simplified 

notation. 




^0 ■ 


In other words, as e ^ 0, 


v^(t, x) -A v{t, x). 


26 














A Appendix: S-topology 


The S-topology has been introduced by Jakubowski |21) as a topology defined on the Skorohod 
space of cadlag functions: ^([0, T]; M). This topology is weaker than the Skorohod topology but 
tightness criteria are easier to establish. These criteria are the same as the one used in Meyer-Zheng 

m- 

Let denotes the number of up-crossing of the function 2 : G ^>([0, T]; M) in a given level 

a < b. We recall some facts about the S-topology. 

Proposition A.l. (A criteria for S-tight). A sequence (Y^)^yQ is S-tight if and only if it is relatively 
compact on the S-topology. 

Let (W),>o he a family of stochastic processes in P([0, T]; M). Then this family is tight for the 
S-topology if and only */(||T^||oo)e>0 o,nd (A^“’^(W))£>o are tight for each a <b. 

Let (n, J-, P, (Ti)f>o) t>e a stochastic basis. If (T)o<t<r is a process in P([0, T]; M) such that Yt 
is integrable for any t, the conditional variation ofY is defined by 

n—l 

CV{Y) = sup 1 mV 

0<ti<...<tn=T, partition of [0,T] 

The process is call quasimartingale if CV(Y) < -|-oo. When T is a Tt-martingale, CV(Y) = 0. A 
variation of Doob inequality (cf. lemma 3, p.359 in Meyer and Zheng |30], where it is assumed that 
Yt = 0) implies that 


sup \Yt\ > 
ie[o,T] 


< 






CP(T) +E 


sup I Til 
te[o,T] 


E 




< 


— a 


^|a| + CP(y) +E 


sup \Yt 
te[o,T] 


It follows that a sequence (y^)£>o is S-tight if 


sup CV{Y^) + E 
£>0 \ 


sup \Yf 

telo,T] 


< - 1 - 00 . 


Theorem A.2. Let {Y^)^yQ be a S-tight family of stochastic process in T>{[0, T]; M). Then there 
exists a sequence {ek)keN decreasing to zero, some process Y G P([0, T]; M) and a countable subset 
D G [0, r] such that for any n and any {ti, ..., G [0, T]\D, 

(y,**,.... Ytf) ^ {Yt„ .... r,j 


Remark A.l. The projection :7rT y £ (^([0, T]; E), S) 1 —)• y{T)is continuous (see Remark 2.4, p.8 
in Jakubowski,1997), but y 1 —)• y{t) is not continuous for each 0 < t < T. 

Lemma A.3. Let (Y^, M^) be a multidimensional process in T>{[0, T]; {p G N*) converging 
to (y, M) in the S-topology. Let {J-^ )t>o (resp. {J~i^)t>o) be the minimal complete admissible 
filtration for (resp.X). We assume that sup^^qE [supQ<f<2’ |Mf p] < Ct VP > 0, is a 
-martingale and M is a -adapted. Then M is a X^ -martingale. 

Lemma A.4. Let (y^)£>o be a sequence of process converging weakly in 'P([0, T]; to Y. We 
assume that sup^^gE [supo<t< 7 ’ A/P] < J-oo. Hence, for any t > 0, E [supo< 4 < 7 ’ \ Yt\‘^~\ < J-oo. 


27 













References 

[1] Bahlali, K., Elouaflin, A., Pardoux, E. Homogenization of semilinear PDEs with discontinuous 
averaged coefficients. EJP, Vol I 4 (2009), paper no. 18, pages 4'^l-499. 

[2] Bahlali, K., Elouaflin, A., M. A. Diop, A. Said. A singular perturbation for non-divergence 
form semilinear PDEs with discontinuous effective coefficients. Preprint (2012). 

[3] Bahlali, K. Existence and uniqueness of solutions for BSDEs with locally Lipschitz coefficient. 
Electron. Comm. Probab. 7 (2002), 169-179 

[4] Bencherif-Madani, A.; Pardoux, E. Homogenization of a semilinear parabolic PDE with locally 
periodic coefficients: a probabilistic approach. ESAIM Probab. Stat. 11, 385-411 (electronic), 
2007. 

[5] Bensoussan, A.; Lions, J.-L.; Papanicolaou, G. Asymptotic analysis for periodic structures. 
Studies in Mathematics and Its Applications, 5. North-Holland, Amsterdam-New York, 1978. 

[6] Billingsley, P. Convergence of probability measures, 2nd ed., Wiley, 1999. 

[7] Buckdahn, R.; Ichihara, N. Limit theorem for controlled backward SDEs and homogenization 
of Hamilton-Jacobi-Bellman equations. Appl. Math. Optim. 51, no. 1, 1-33, 2005. 

[8] Buckdahn, R.; Hu, Y.; Peng, S. Probabilistic approach to homogenization of viscosity solutions 
of parabolic PDEs. NoDEA Nonlinear Differential Equations Appl. 6, no. 4, 395-411, 1999. 

[9] Buckdahn, R.; Hu, Y. Probabilistic approach to homogenizations of systems of quasilinear 
parabolic PDEs with periodic structures. Nonlinear Anal. 32, no. 5, 609-619, 1998. 

[10] Caffarelli, L., Crandall, M.G., Kocan, M., Swiech, A. On viscosity solutions of fully nonlinear 
equations with measurable ingredients. Comm. Pure Appl. Math. 49, 365-397, 1996. 

[11] Crandall, M.G., Kocan, M., Lions, P. L., Swiech, A. Existence results for boundary problems 
for uniformly elliptic and parabolic fully nonlinear equations. Electronic Journal of Differential 
equations., No. 1-20, 1999. 

[12] Delarue, F. Equations differentielles stochastiques progressives-retrogrades. Application a 
I’homogeneisation des EDP quasi-lineaires. These de Doctorat, (2002), Aix Marseille Universite. 
Formerly Universite de Provence, Aix-Marseille 1. 

[13] Delarue, F. Auxiliary SDEs for homogenization of quasilinear PDEs with periodic coefficients. 
Ann. Probab. 32 (2004), no. 3B, 2305-2361. 

[14] Doyoom, K., Krylov, N. Parabolic equation with measurable coefficients. Potential analysis, 
26, (2006), 345-361. 

[15] Gaudron, G., Pardoux, E. EDSR, convergence en loi et homogeneisation d’EDP paraboliques 
semi-lineaires. To appear in Anna. Inst. H. Poincare, (2001) 

[16] Gilbarg, D., Trudinger, N.S. (1983): Elliptic partial differential equations of second order. 
Second edition. Grundlehren der Mathematischen Wis sens chaff en, 224, Springer-Verlag, Berlin. 

[17] El Karoui, N. Backward stochastic differential equations a general introduction, in Backward 
stochastic differential equations, N. El Karoui and L. Mazliak Edts, Pitman Research Notes in 
Mathematics Series 364, 7-27, 1997. 


28 


[18] Essaky, E. H.; Ouknine, Y. Averaging of backward stochastic differential equations and homog¬ 
enization of partial differential equations with periodic coefficients. Stoch. Anal. Appl. 24, no. 
2, 277-301, 2006. 

[19] Freidlin M. Functional integration and partial differential equations. Annals of Mathematics 
Studies, 109, Princeton University Press, Princeton, 1985. 

[20] Ichihara, N. A stochastic representation for fully nonlinear PDFs and its application to homog¬ 
enization. J. Math. Sci. Univ. Tokyo 12, no. 3, 467-492, 2005. 

[21] Jakubowski, A. A non-Skorohod topology on the Skorohod space. Electron. J. Probab. 2 , paper 
no. 4, pp.1-21, 1997. 

[22] Jikov, V. V.; Kozlov, S. M.; Oleinik, O. A. Homogenization of differential operators and integral 
functionals. Translated from the Russian by G. A. Yosifian. Springer, Berlin, 1994. 

[23] Khasminskii, R; Krylov, N. V. On averaging principle for diffusion processes with null-recurrent 
fast component. Stochastic Processes and their applications, 93, 229-240, 2001. 

[24] Krylov, N. V. Controlled Diffusion Processes, (A. B. Aries, translator). Applications of Math¬ 
ematics, Vol. 14, Springer-Verlag, New York Berlin, 1980. 

[25] Krylov, N. V. On weak uniqueness for some diffusions with discontinuous coefficients. Stochastic 
Processes and their applications, 113, 37-64, 2004. 

[26] Krylov, N. V. Lectures on Elliptic and Parabolic PDFs in Sobolev Space. Graduate Studies in 
Mathematics, 96. American Mathematical Society, Providence, RI, 2008. 

[27] Ladyzhenskaya O.A., Solonnikov V.A., Ural’tseva N.N. Linera and quasi-linear Equations of 
Parabolic type. American Mathematical Society, Providence, RI, 1968. 

[28] Lejay, A. A probabilistic approach to the homogenization of divergence-form operators in pe¬ 
riodic media. Asymptot. Anal. 28 no. 2, 151-162, 2001. 

[29] Ma, J., Protter, P., Yong, J. Solving forward backward stochastic differential equations explic¬ 
itly: a four step scheme. Probab. Theory Related Fields 98,(1994), 339-359. 

[30] Meyer, P. A., Zheng, W. A. Tightness criteria for laws of semimartingales. Ann. Inst. H. 
Poincare Probab. Statist. 20, (4), 217-248, 1984. 

[31] Pankov, A. G-convergence and homogenization of nonlinear partial differential operators. 
Mathematics and Its Applications, 422. Kluwer, Dordrecht, 1997. 

[32] Pardoux, E. Backward stochastic differential equations and viscosity solutions of systems of 
semilinear parabolic and elliptic PDEs of second order, in Stochastic analysis and related topics 
VI, Geilo 1996, Progr. Probab., vol. 42, Birkhauser, Boston, MA, pp. 79-127, 1998 

[33] Pardoux, E. BSDEs, weak convergence and homogenization of semilinear PDEs in F. H Clarke 
and R. J. Stern (eds.), Nonlinear Analysis, Differential Equations and Control, 503-549. Kluwer 
Academic Publishers., 1999. 

[34] Pardoux, E. Homogenization of linear and semilinear second order parabolic PDEs with periodic 
coefficients: A probabilistic approach. Journal of Functional Analysis 167, 498-520, 1999. 

[35] Pardoux, E., Veretennikov, A.Y, Averaging of backward SDEs with application to semi-linear 
PDEs. Stochastic and Stochastic Rep.. 60, 255-270, 1999. 


29 


